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THE BOSTON COLLOQUIUM.
X'
X+l'
and is a loxodromic substitution when a 4= 0, /3 =f= 0, an ellij substitution when a=Q, /3 4= 0; and a hyperbolic substitut when a 4= 0, fi = 0. The corresponding substitution of a;, readily computed to be
x
j, cosh a — x0 sinh a,
x'z = x2 cos /3 — x3 sin /3, #3 = x2 sin /3 + cc3 cos y8, x'^ = — xt sinh a -f a?0 cosh a?
and the distance Z between two corresponding points is deterraii by the equation
OOSll (j —— ——
-.X-,
cos
= cosh a + (Xg + xl) (cosh a — cos /3).
If a = 0, every point on the line x2 = 0, cc3 = 0 is fixed. Hei an elliptic substitution can not occur in the group of the spa If a =4= 0, I =£ a. Hence hyperbolic or loxodromic substitutic may occur in the group.
Consider next a parabolic substitution of X by which only c value of X is unaltered. By proper choice of the coordinate s; tern this substitution may take the form
\' = X + a and the corresponding substitution of xi is
as,
d -fa
= ^2+
i (a — a) t
-  ~"wo distinct values of X unaltered. There correspond two fixed points on the fundamental quadric, and we may without loss of generality assume the coordinate system in such a way that these correspond to the values X=dbl. The substitution may then be written
